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We show that in the case of 2-dimensional lattices, Quebbemann’s notion of
modular and strongly modular lattices has a natural extension to the class group
of a given discriminant, in terms of a certain set of translations. In particular, a
2-dimensional lattice has ‘‘extra’’ modularities essentially when it has order 4 in the
class group. This allows us to determine the conditions on D under which there
exists a strongly modular 2-dimensional lattice of discriminant D, as well as how
many such lattices there are. The technique also applies to the question of when a
lattice can be similar to its even sublattice.  2001 Academic Press
An n-dimensional integral lattice 4 is modular [5] if there exists a
similarity _ such that _(4*)=4, where 4* is the dual of 4. More
generally, if 6 is a set of primes, define the 6-dual of 4 to consist of the
vectors v # 4Q such that v } 4/Zp for p # 6 and v } 4*/Zp for p  6.
Then a similarity _ will be said to be a 6-modularity of 4 if _(4V6)=4;
if _ multiplies norms by N, it will be said to be a modularity of level N.
A lattice is strongly modular if it has 6-modularities for all subsets of the
primes dividing its level. (This concept was introduced in [6], but we are
using the notation of [8]).
In the present note, we consider the case n=2. It turns out that,
properly defined, 6-duality acts as a translation on the class group. This
allows us to answer the following question: Given a discriminant D and a
set of primes 6, when does there exist a 2-dimensional lattice of that dis-
criminant possessing a 6-modularity, and if one exists, how many are
there? In particular, we answer this question for strongly modular lattices.
The connection between class groups and modularities was alluded to in
the case of square-free discriminant in [6], which also stated the
appropriate special case of Corollary 10 below.
It will turn out to be convenient in the sequel to use nonstandard con-
ventions when discussing quadratic forms. The basic difference is that the
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xy coefficient of quadratic forms will be assumed to be even. Thus a
primitive binary quadratic form will be defined as
f (x, y)=afx2+2bf xy+cf y2,
where af , bf , cf are integers with no common divisor; note the factor of 2.
This change decreases the necessity for giving the prime 2 special treatment
in the sequel. We will, however, be retaining the convention that equiv-
alence of quadratic forms means SL2(Z) equivalence; that is
g(x, y)= f (Ax+Cy, Bx+Dy)
with integers A, B, C, and D such that AD&BC=1.
If f is a primitive binary quadratic form, we associate an integral lattice
4f , with Gram matrix
\afbf
bf
cf + .
The determinant of f is defined to be det 4f=af cf &b2f . The discriminant
is defined as &det 4f if 4f is even, and &4 det 4f if 4f is odd. Note that
4f is equivalent to 4g if and only if f (x, y) is equivalent to either g(x, y)
or g(x, &y).
MODULARITIES OF QUADRATIC FORMS
Let 6 be a set of primes. We will use the notation 0 for the set of all
primes, 6(N) for the set of primes dividing a number N, N6 for the 6-part
of a number N (the largest factor of N divisible only by primes in 6), and
6 for 0&6.
Definition. A primitive binary quadratic form f of determinant N is
6-divisible if both bf and cf are multiples of N6 .
If f is a 6-divisible form, define the ‘‘6-dual’’ f V6 of f by
f V6 (x, y)= f (N6x, y)N6 .
Note that the resulting form is also primitive, since cf N6 cannot be a
multiple of any primes in 6.
Lemma 1. Any primitive form of determinant N is equivalent to a
6-divisible form, unique up to 10(N6)-equivalence.
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Proof. Let f be a primitive form of determinant N. Since f is primitive,
it represents a number prime to N6 ; we may therefore assume that af is
prime to N6 . By replacing x with x+ty for suitable t, we can then arrange
for bf to be a multiple of N6 . Then
N=af cf&b2f
implies that cf is a multiple of N6 .
Suppose f and g are two 6-divisible forms, equivalent under the trans-
formation
g(x, y)= f (Ax+Cy, Bx+Dy).
We need to show that C is a multiple of N6 . Clearly,
0#cg= f (C, D)#afC2 (mod N6).
Now, af must be relatively prime to N6 , since otherwise f would not be
primitive. It follows that C must be a multiple of every prime dividing N6 ,
and, since A is relatively prime to C, that A is relatively prime to N6 . Since
0#bg #afCA (mod N6),
it follows that C must be a multiple of N6 . K
Corollary 2. If the 6-divisible forms f and g are equivalent, then so
are f V6 and gV6.
Proof. By the lemma, we have
g(x, y)= f (Ax+Cy, Bx+Dy)
with AD&BC=1 and C a multiple of N6 . But then
gV6 (x, y)=g(N6 x, y)N6
=f (N6 Ax+Cy, BN6x+Dy)N6
=f V6 (Ax+(CN6) y, BN6 x+Dy).
Thus gV6 and f V6 are equivalent. K
Thus the operation *6 induces a well-defined action on equivalence
classes of forms. Furthermore, this action is an involution; if f (x, y) is
213CLASS GROUPS AND MODULAR LATTICES
6-divisible, then the form g(x, y)= f V6 ( y, &x) is also 6-divisible, and
gV6 (x, y)= f ( y, &x). So on equivalence classes, ( f V6)V6= f. Indeed,
( f V61)V62= f V61 262 ;
we can reduce to the case in which 61 and 62 are disjoint and f is
61 _ 62 -divisible, where the statement is trivial.
The operation *6 is, of course, related to the corresponding operation
for lattices (note that we use the notation N4 for - N 4):
Proposition 3. Let f be a 6-divisible form of determinant N. Then
4f *6 & N64V6f .
Proof. Certainly, the level of 4f divides det 4f=N; it follows that 4V6f
is contained in 1N6 4f . Now, a point of the form (xN6 , yN6) is in 4
V6
f if
and only if the inner products
(x, y) } (1, 0)=af x+bf y
(x, y) } (0, 1)=bf x+cf y
are congruent to 0 mod N6 . Since f is 6-divisible, this reduces to the con-
dition that afx#0 (mod N6). But af must be relatively prime to N6 , so the
condition becomes x#0 (mod N6). Thus 4V6f 4f is generated by the point
(0, 1N6). So the Gram matrix of 4V6f is
\ afbf N6
bfN6
cfN 26+ ,
and the Gram matrix of N64V6f is
\N6afbf
bf
cf N6+ ,
the Gram matrix of 4f *6 . K
It thus is natural to say that f (x, y) has a 6-modularity if f V6 (x, y) is
equivalent to either f (x, y) or f (x, &y) (in the former case, we will say that
the ‘‘modularity’’ is trivial, for reasons explained below). Thus the question
of when there exists a 2-dimensional lattice with specified discriminant and
modularities of specified levels reduces to the corresponding question for
quadratic forms. The benefit of this reduction is that we can bring the
machinery of the class group to bear on the latter problem.
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MODULARITIES AND THE CLASS GROUP
Fix a negative discriminant D. Let 1 denote the identity of the class
group of discriminant D; that is,
1(x, y)=2x2&2Dxy+D(D&1)2y2=2x2+2Nxy+N(N+1)2y2
if D#1(4), and
1(x, y)=x2&D4y2=x2+Ny2
if D#0(4). Also, denote the composition of forms f and g by f V g.
Theorem 4. If f is a form of discriminant D, then
f V6t1V6 V f.
In particular,
1V61 V 1V62=1V61 262 .
Proof. Define f (x, y)= f ( y, &x). Since f is equivalent to f, we may use
f in our class group computations; this will turn out to simplify things
enormously.
Consider, first, the case D#1(4). Since 1(x, y) is already 6-divisible, we
can read off 1V6 by inspection:
1V6 (x, y)=2N6x2+2Nxy+N6 (N+1)2y2.
We can then apply the standard formulae for composition of quadratic
forms (see, for instance [2, p. 241]) to find:
(1V6 V f )(x, y)=cN6 x2&2Bxy+aN6 y2
=f V6 ( y, &x).
The case D#0(4) is analogous. K
Corollary 5. If 1 has a 6-modularity, then so do all forms of discrimi-
nant D. Otherwise, if f is a form with a 6-modularity, then this modularity
is nontrivial, and
f 2=1V6.
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Proof. The first statement follows immediately, since
f V6=1V6 V f=1 V f= f.
Conversely, f V6= f implies 1V6=1.
For nontrivial modularities, we have
f V 1V6= f V6tf (x, &y)= f &1,
or equivalently
f 2=(1V6)&1=1V6. K
Remarks. (1) This, of course is why the word ‘‘trivial’’ was used above;
the trivial modularities are those possessed by all forms of a given discrimi-
nant. See also the next theorem. (2) The ideal corresponding to 1V6 squares
to (N6). In particular, if N6 is a rational prime, then 1V6 is the prime over
N6 in the quadratic order of discriminant D.
We thus have two problems remaining. First, what are the levels of the
trivial modularities, and second, which other levels of modularities are
possible?
Theorem 6. The form 1 has modularities of level 1, N, and no other
level.
Proof. This follows by inspection of 1V6. If D#0(4), then
1V6 (x, y)=N6 x2+N6 y2.
Since this is essentially reduced (aside from perhaps exchanging x and y),
it follows that 1 has a 6-modularity precisely when one of N6 or N6 is 1;
the result follows immediately in that case.
If D#1(4), we first consider the case 6=0. In this case,
1V0(x, y)=2Nx2+2Nxy+(N+1)2y2.
Subtracting 2x from y transforms this to the form
2x2&2xy+(N+1)2y2
which in turn is equivalent (add (N+1) y2 to x) to 1.
For general 6, we have
1V6 (x, y)=2N6x2+2Nxy+N6 (N+1)2y2.
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Now, N&N6 is a multiple of 2N6 (recall N odd); subtracting (N&N6)
y(2N6) from x gives
2N6 x2+2N6xy+
N6+N6
2
y2.
If 1<N6- N3, this is reduced, and thus clearly not equivalent to 1.
Otherwise, subtracting x from y, then exchanging x and y, we arrive at the
form
N6+N6
2
(x2+ y2)+(N6 &N6) xy,
which is reduced (and inequivalent to 1) as long as - N3N6- N. But
then we can apply the fact that
1V6 =(1V0)V0=1V6
(which was proved above, but also follows immediately from the symmetry
of the above form) to handle the case - NN6<N. The theorem
follows. K
NONTRIVIAL MODULARITIES
It thus remains only to consider the case of nontrivial modularities. By
corollary 5 above, this reduces to the question of when the involution 1V6
has a square root in the class group. This can be dealt with via the theory
of genera, using the following classical result (see, e.g., Theorem 3.15 of
[3]):
Theorem 7. Let D be a negative discriminant. Then an element of the
class group of discriminant D is a square if and only if it is in the same genus
as the identity form.
For our purposes, this has the following immediate consequence:
Corollary 8. There exists a form of negative discriminant D with a
6-modularity if and only if the forms 1 and 1V6 are in the same genus.
Remark. Since the genus is given by a homomorphism, if 1 and 1V6 are
in the same genus, then f and f V6 are in the same genus as well, for any
form f of discriminant D.
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It remains to determine when this condition holds. Define, after [3,
p. 55], for odd D and odd primes p dividing D,
/p( f )=\,( f )p + ,
where ,( f ) is whichever of af2 or cf2 is prime to p (they cannot both be
multiples of p) and for even D,
/p( f )=\,( f )p + ,
$( f )=\ &1,( f )+ ,
=( f )=\ 2,( f )+ ,
where ,( f ) is whichever of af or cf is prime to p; prime to 2 for $ and =.
There are several cases to consider, depending on 2-adic congruence
properties of N:
I. N#3(4): Here, the genus of 1 is the kernel of [/p( f ): p # 6(N)].
We compute, for p  6:
/p(1V6)=\N6p +;
by symmetry, then, (since 1V6 and 1V6 are equivalent)
/p(1V6)=\N6p +
for p # 6. So 1V6 is in the same genus as 1 precisely when
\N6p +=1
for all p # 6(N)&6 and
\N6p +=1
for all p # 6 & 6(N).
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II. N#1(4) or N#4(8): Here, we must add the condition $(1V6)=1;
thus
\&1N6 +=1
for 2  6, and
\&1N6 +=1
for 2 # 6.
III. N#2(8): Here, the extra condition is
\&2N6 +=1
for 2  6, and
\&2N6 +=1
for 2 # 6.
IV. N#6(8): Here, the extra condition is
\ 2N6+=1
for 2  6, and
\ 2N6 +=1
for 2 # 6.
V. N#0(8): In this case, both extra conditions must be added;
that is:
\ 2N6+=\
&1
N6 +=1
219CLASS GROUPS AND MODULAR LATTICES
for 2 # 6, and
\ 2N6 +=\
&1
N6 +=1
for 2  6.
For a discriminant D, define +(D) to be the number of distinct primes
dividing N, plus one if either N#1(4) or N#0(8).
Theorem 9. If the above conditions are satisfied for a discriminant D
and a set of primes 6/6(N), 6{<, 6(N), then there exist precisely
2+(D)&1 inequivalent forms of discriminant D with a 6-modularity. None of
these forms have modularities of level other than 1, N6 , N6 , or N.
Proof. From the above considerations, we know that 1V6 is a square in
the class group, and a form f has a 6-modularity if and only if
f 2=1V6.
The number of such forms is equal to the number of elements of the class
group that square to 1, which from theorem 3.15 of [3] is 2+(D)&1.
Suppose f had a 61- and a 62 -modularity. Then of the three forms,
equivalent over GL2(Z),
f, f V61, f V62,
two must be equivalent over SL2(Z). From Corollary 5, this implies that
(at least) one of
61 , 62 , 61262
must be either < or 6(N). K
Remarks. (1) Since the forms with a 6-modularity have order 4, it
follows that the forms with 6-modularities from 2+(D)&2 classes over
GL2(Z). (2) The extra constraints are redundant except when N#0(4), by
reciprocity.
Example. Consider the case D=8p, p prime, 6=[ p]. If p#3(4), then
N#6(8), so the conditions are
\2p+=\
p
2+=1
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and thus p must be 7 mod 8. If p#1(4), then N#2(8),
\&2p +=\
p
2+=1
and thus p must be 1 mod 8; in both cases, precisely one strongly modular
lattice results. For instance, there are the strongly modular lattices
\31
1
5+
of determinant 14, and
\51
1
7+
of determinant 34.
Corollary 10. There exists a 2-dimensional strongly modular ( primi-
tive) lattice of discriminant D and (non-prime-power) determinant N precisely
when N can be written in the form pkql such that one of the following conditions
holds:
1. N is a square.
2. p and q are odd, ( pq)
k=(
q
p)
l=1.
3. p=2 and ql#1 mod 8.
4. N=2ql with ql#7 mod 8.
If N is not 0, 1, or 5 mod 8, then the lattice is unique. Otherwise, there are
two inequivalent lattices.
Remark. If N is a prime power, then the trivial modularities cause all
2-dimensional lattices of determinant N to be strongly modular.
Remark. Since the lattices are constrained to be primitive, the lattices
resulting when N is a square are nontrivial; for instance, for N=225, there
are the inequivalent lattices
\133
3
18+ , \
9
3
3
26+ .
One question which still remains is: which genera contain 6-modular
lattices? This is equivalent to the question of evaluating the genus cha-
racters at elements of order 4 in the class group (or, equivalently, evaluating
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characters of order 4 at elements of order 2; the results of [4] might be use-
ful here). It is not clear whether a closed form can be given for this in
general. However, the following special case is worth mentioning:
Theorem 11. Let D and 6 be a negative discriminant and a set of
primes such that there exists a primitive 2-dimensional lattice of discriminant
D with a 6-modularity, such that
N6 #7(8)
and such that &N6 is a square modulo N6 . If f is any form of discriminant
D with a 6-modularity, then
\,( f )N6 +=\
- &N6
N6 + ,
where (- &N6 p) is defined via the p-adic square root, and
\- &N6N6 +
is well defined.
Proof. The argument in Section 14.6 of [1] is easily modified for this
case. Alternatively, this follows (by a less elementary, but more general
argument) from theorem 12 of [7]. K
Remark. Note that
\- &N62 +={
1
&1
if &N6 #1(16)
if &N6 #9(16).
Thus, for instance, if we apply Theorem 11 to the strongly modular lattice
\31
1
5+ ,
we find that
\37+=\
5
7+=\
- &7
2 +=&1.
When N#1(4) or N#0(8), there are 2-torsion elements of the class
group that are not of the form 1V6. It is natural to ask whether translation
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by these elements has a lattice-theoretic interpretation. And, indeed, this is
the case. For N#1(4), we get transformations of the form
4 [ N6 (12(40))V6,
where 40 is the even sublattice of 4. Note that for N#3(4),
4 [ 12(40)
is a homomorphism from C(&4N) onto C(&N), which is an isomorphism
for N=3 or N#7(8), and is 3&1 for N#3(8), N>3. For N#0(4),
4 [ 14(40)
is a 2-1 homomorphism from C(&4N) onto C(&N), and for N#2(4),
4 [ 1240=24V2.
The extra transformation for N#0(8) is of the following form: Replace 4
by (40 , v) , where v is a vector in the shadow [8] of 4 such that 2v # 40
and v has odd norm. The details are left to the reader. Neither of these
operations seem to have any natural extension to higher-dimensional
lattices.
The following theorem describes precisely when there exists a primitive
lattice 4 of determinant N such that 4 is similar to its even sublattice.
Theorem 12. Let 4 be a primitive odd lattice of determinant N. If 4 is
similar to its even sublattice, then dim 42. If dim 4=1, then N is odd; the
lattice NZ is the unique such lattice. If dim 4=2, then either N#1(8), and
every prime dividing N is congruent to \1 mod 8, or N#2(4), and every
odd prime dividing N is congruent to \1 mod 8. Conversely, if N satisfies
the given conditions, then there exist precisely 2+(D)&1 primitive odd lattices
4 of determinant N with 4 similar to 40 .
Proof. Suppose 4 is an odd lattice similar to its even sublattice. On the
one hand,
det 40=4 det 4;
on the other hand, if the similarity multiplies norms by r,
det 40=rdim 4 det 4.
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It follows immediately that either dim 4=1 and r=4 or dim 4=2 and
r=2. The first case is trivial. Thus we need only determine when a
primitive 2-dimensional lattice of determinant N exists with
4& 12(40).
If N#3(4), 12(40) is even, so cannot be similar to 4. Similarly, if N#0(4),
then 12(40) fails to be primitive.
In the remaining cases, the above theory tells us that such a 4 exists
precisely when the lattices
Z_NZ, 12((Z_NZ)0)
are in the same genus. We readily determine that this is true precisely when
( 2p)=1 for all odd primes dividing N. K
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